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ONE-DIMENSIONAL ALGEBRAIC FORMAL GROUPS
We will prove a stronger statement than Proposition A. We call a differential ω e K [[x] ] dx algebraic if ω/dx is an algebraic element of AT [[*] ]. If H(x, y) is a formal group and then g(0) = 1, and ω = gdx is the invariant differential of H. If H is an algebraic, then so is ω. We will prove PROPOSITION B. Let ω be an algebraic differential. Suppose that there exist nonzero algebraic elements/ l9 f 2 ofxK [[x] ] such that where a e C*, a is not a root of unity. Then there exist a formal algebraic group with invariant differential ω' and an algebraic element u of AΊJJC]] such that eu*(ω') = ω where e = Res o (ω/Λ;).
To deduce Proposition A from Proposition B, let F be an algebraic formal group, ω its invariant differential, f 2 (x) = x, fι(x) = F(x 9 x). Then (0) Λ*(ω) = 2ω = 2/ 2 *(ω).
It follows that there exists a formal algebraic group H with invariant differential ω' and an algebraic element g e .^ [[JC] ] such that
We claim
On the other hand,
as required.
Proof of Proposition B. Let P 1 denote the projective line over K and regard c as the standard parameter on P 1 . In doing this we will identifŷ [[JC]] with the formal completion of the ring of functions on P 1 regular at 0, Θ~Γ 0 .
Let / 0 = ω/dx. Then for i = 0,1,2 there exist complete pointed curves (X i9 e t ) over K together with morphisms such that x t is a local uniformizing parameter at e t and xff t is the formal expansion of/ in x. at e t . In other words, xff t is the image of/, in Θ Ύe . Now set ώ =f o dx o e ΩV o/Λ . Also note that /(e,) = 0 as /(0) = 0, i = 1,2. Let (Z,, e f ) denote the fiber product of (Y θ9 e 0 ) and {Y i9 e^ over (P^O) with respect to the morphisms x 0 and/, i = 1,2. Thus (Z i9 e ) fits into a commutative diagram Moreover, (x j°j ' j )*/ j *ω is the formal expansion of f*ώ at e\ in x f ° y t . Now let (W, e) denote the fiber product of (Z 1; e[) and (Z 2 , ^2) with respect to the morphisms x x ° y λ and JC 2 ° y 2 -Thus we have a commutative diagram Proof. For a curve C let C denote its complete nonsingular model. Let ω 2 = / 2 *(c^). Let S t denote the set of poles of ω z on X.. Clearly, \S λ \ < \S 2 \, \S t \ denotes the order of S r We also claim:
where g(Xj) denotes the genus of X t . Indeed, if this is not the case, then by the Hurwitz genus formula we see that g(X λ ) = g(X 2 ) > 1 and 1 = degί/i) = deg(/ 2 ). but then/: X 2 -* X x is biregular (/ is the "lifting" of /,), so that a = f 2 γ ° f λ is an automoφhism of X 2 . But a is of finite order since g( X 2 ) > 1. On the other hand, the hypotheses of the lemma imply α*(ω 2 ) = flίo 2 .
Since a is not a root of unity, we obtain a contradiction, so we have our claim.
We also claim that there exists a curve X o with a differential ω 0 and two morphisms g l9 g 2 : X λ -* X o such that g*(ω 0 ) = ω λ and g*(ω 0 ) = α Si( ω o)' Thus (X Q , ω 0 ) satisfies the same hypotheses as (X l9 io x ), so once we establish this claim, we will be able to use induction to suppose that 1^1 = 15,1 and g(X 2 ) < I.
For the results on generalized Jacobians used below, see [S] .
Proof of Claim. Without loss of generality X t is nonsingular, ω t has no poles on X i9 and/,Jf 2 = X v for i = 1,2. Let / = 1 or 2 in the following: Let M ( denote the polar divisor of ω t . Let J i denote the generalized Jacobian of X i corresponding to M . There exists a unique invariant differential v t on J. and an embedding of X t in J t (as ω ( Φ 0) well defined up to translation such that ω i is the puUback of v i to X t . Henceforth we will view X t as a sub variety of //. From the functoriality of generalized Jacobians there exists a canonical affine transformation whose restriction to X 2 is f έ . Let Let A denote the quotient of J x by e(J 2 ) and p: J x -* A the quotient morphism. Since e*v ι = 0, it follows that there exists an invariant differential P 0 on Λ such that ρ*v 0 = f 1 . Let
Now let g l9 g 2 : X x -> X o denote the restrictions of pof^ohoT 2 and ρ respectively to X v Also let ω 0 denote the restriction of a(p <>[d] )*r 0 it follows that and so we have our claim. Thus by induction we may suppose
We also have/r^S^) = S 2 , so that/ induces a bijection from S 2 onto S v Case 1. gί-X,-) = 1. Then X t has a unique group structure with origin at some point P t . It follows that f 2 and T R <> f x are affine transformations from X 2 to X v Now since/ l^: S 2 -» S x is a bijection and/ ί~1 (5 1 ) = S 2 ? it follows that either 
